New bounds for the greatest characteristic root of a nonnegative matrix are obtained. They generalize and improve the bounds of G. Frobenius and H. Mint.
A result similar to (1.1) holds for column sums c,, c,, . . . , c,. (1.1) (1.2) LINEAR ALGEBRA AND ITS APPLICATIONS 239:151-160 (1996) 
Proof.
Denote by a$!' (1 < i, j < n) the element lying on the intersection of the ith row and t I: e jth column of Ak. By Ak+' = AAk, we have 
Let A be a nonnegative n X n matrix with nonzero row sums t-1, t-2,. . . , r". In view of Corollary 2.4, we know ri( Ak> # 0 for i = 1,2,. . . , n. We prove the right inequality of (2.6) by induction. The left inequality is proved similarly. The middle inequality is obvious.
When m = 1, the right inequality of (2.6) becomes an equality. When m = 2, by (2.4) we have so that rn? ';(,A~~~' < ("7 ';r;fl:;) j2.
Hence the right inequality of (2.6) is valid when m = 2. Suppose inductively that (2.6) holds for m = h. Then by (2.4) we have r,( Akfh) r,( Ak+')
Further, by the inductive hypothesis we have hence the right inequality of (2.6) holds for nz = li + 1.
The column sums case is proved similarly. 
BOUNDS FOR THE GREATEST

Proof.
Suppose that A has nonzero row sums rl, rq, . . . , r,,. By (l.l), we have r > 0. Using Corollary 2.4, we see that A"' has nonzero row sums rl( A"'), r, ( A,') , . . . , r,,( A'") for any positive integer m. Since r is the greatest characteristic root of A, r is also the greatest characteristic root of A?'. By this, we can assume without loss of generality that (xi, x2, . . . , x,,) is a nonnegative characteristic vector of AT corresponding to r such that Cl=, xi = 1. Hence, for any positive integer m, (xl, x2, . . . , x,,) is a nonnegative characteristic vector of ( AT)r,l corresponding to rfn. By Hence, This is precisely (3.1).
??
By taking m = 2 and k = 1 in Theorem 3.1, we obtain the following corollary.
COROLLARY 3.2. The greatest characteristic root r of a nonnegative n x n mutrix A = (aij) with nonzero row sums r,, r2,. . . , r, or column sums c1,cp>..., c, satisfies or REMARK 3.1. If we set m = 1 and k = 0 in (3.1) and (3.2), and assume that A0 = I, then Theorem 3.1 yields the Fobenius bounds, that is, (1.1). REMARK 3.2. If we take m = k = 1 in Theorem 3.1, we get the bounds given by Mint [2] [that is, (1.3)].
The following theorem will give better bounds: By taking m = 1 in Theorem 3.3, we obtain the following corollary.
COROLLARY 3.4. The greatest characteristic root r of a nonnegative n x n matrix A with nonzero row sums rl, r2, . . . , r,, or column sums c1>c2>..., c, satisfies
A similar result holds for column sums ci( Akil) and ci( Ak). By taking m = 1 in (3.61, we know that the sequence decreases monotonically. Thus, by Theorem 3.1 and Lemma 2.5, we have
Furthermore, we know that the above remark is true by (2.4). Of course, the above arguments also applies to lower bounds and columns.
REMARK 3.4. All the results given by Theorem 3.1, Corollary 3.2, Theorem 3.3, and Corollary 3.4 can be used to obtain bounds for the greatest characteristic root of any nonnegative n X n matrix A. Indeed, if A has nonzero row sums rl, r2,. . . , rn, then all the results for row sums can be used. If A has nonzero column sums ci, c2, . . . , c,~, then all the results for column sums can be used. If A has zero row sums, then we can obtain another square matrix A, by deleting all the zero rows and corresponding columns. Since all the row sums of A, are not zero, the results for row sums can be used. Similarly, if A has zero column sums, then we can obtain another square matrix A, by deleting all the zero columns and corresponding rows. Since all the column sums of A, are not zero, the results for column sums can be used.
AN EXAMPLE
For the positive matrix we compute some bounds for the greatest characteristic root of A as shown in Table 1 .
The limits in (3.5) and (3.6) are precisely r (= 7.74165738 *a* 1. In particular, we have < r < 6.25 5.6 < r < 5.8572 4.154'i < r < 7.8661 5.080 < r < 6.9259 4.5275 < r < 7.6547 5.2247 < r < 6.8165 4.8284 < r < 7.4642 5.3722 < r < 6.7016 4.0606 < r Q 7.9394 -5.0411 < r =S 6.9589 4.1176 < r < 7.8824 5.0790 < r Q 6.9210 4.8730 < r < 7.099 5.3166 Q r < 6. 
